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Abstract. We give relations between dynamical Poisson groupoids, classical dynamical Yang- 
Baxter equations and Lie quasi-bialgebras. We show that there is a correspondance between the 
class of bidynamical Lie quasi-bialgebras and the class of bidynamical Poisson groupoids. We give 
an explicit, analytical and canonical equivariant solution of the classical dynamical Yang-Baxter 
equation (classical dynamical ^-matrices) when there exists a reductive decomposition g = [ © m, 
and show that any other equivariant solution is formally gauge equivalent to the canonical one. 
We also describe the dual of the associated Poisson groupoid, and obtain the characterization 
that a dynamical Poisson groupoid has a dynamical dual if and only if there exists a reductive 
decomposition g = [ © m. 



Introduction 

The Classical Dynamical Yang-Baxter equation (CDYBE) is an important differential equation 
in mathematical physics. It was first introduced by Felder [7j in the context of conformal field 
theory, appearing as a dynamical analogue of the Classical Yang-Baxter equation (CYBE), which 
plays a central role in the theory of integrable systems; the geometric meaning of (CYBE) was 
given by Drinfel'd, and gives rise to the theory of Poisson-Lie groups. The geometric meaning of 
(equivariant solutions of) the (CDYBE) was given by Etingof and Varchenko [5], and is a groupoidal 
analogue of that of (CYBE): dynamical Poisson groupoids. In the present paper, we explicitely 
describe dynamical Poisson groupoids with base space containing which have a dynamical dual 
— bidynamical Poisson groupoids. 

Let G be a connected, simply connected Lie group, L C G a Lie subgroup, and let [ = Lie(L) 
and g = Lie(G) be their respective Lie algebras; we denote by i : [ — > q the corresponding inclusion. 
For an Ad^-equivariant subset U C I* we consider the trivial Lie groupoid G = U X G x U with 
base U, with the product given by (p, x, q)(q, y, r) = (p, xy, r). Let r : U — ► /\ Q be a differentiable 
map (we identify f\ q with the skew-symmetric maps from g* to q). In [BJ, extending Drinfel'd's 
classical work, P. Etingof and A. Varchenko, showed that the following bracket on C°°(G): 

{f,9}( P ^ q) = (P, [8f,6g]t) ~ (<?, [S'f,S'g]i) - (Dg,i5f) - (D'g,i5'f) 

+ (Df,i6g) + (D'f,iS'g) - (Df,r p Dg) + (D'f,r q D ! g) 

is a Poisson bracket if and only if r is a classical dynamical r-matrix, in which case G turns out to 
be a Poisson groupoid — which they call dynamical (see Section^for the notations). We recall that 
a classical dynamical r-matrix is an [-equivariant solution of the classical dynamical Yang-Baxter 
equation: 

where (p is any element in (A 3 fl) S - It a l so appeared that the smallest Poisson submanifold of G 
containing the unit of G is not the unit itself, but the image of the hamiltonian unit L = [/xI 
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by the groupoid morphism I(p, h) = (Ad^_i p, h,p). Explicit dynamical r-matrices were given and 
classified when q is a complex semi-simple Lie algebra and [ a Cartan subalgebra. In 2 , A. Alekseev 
and E. Meinrenken exhibited an analytic classical dynamical r-matrix in the case where q = [ is a 
quadratic Lie algebra. In 5 , P. Etingof and O. Schiffmann proved the existence of (formal) classical 
dynamical r-matrices and gave a complete description of the moduli space of classical dynamical 
r-matrices in the case where there exists a reductive decomposition q = I © m and for an element 
cp = (fi, 0) with G (S 2 g) 9 such that Vt G I © I © m <g) m. 

In 8 , L.C. Li and S. Parmentier gave the form of all Poisson groupoid structures on the trivial 
Lie groupoid G = U x G x U which admit an inclusion of the hamiltonian unit L. But in the present 
paper, we only consider the following special form of Poisson brackets on G which correspond to 
the inclusion I(p, h) = (Ad£_i p, h,p): 

{f,9}(p, x , q) = (P, [Sf,Sg]i) ~ <?, [S'fMi) ~ (Dg,i5f) - (D'g,i8'f) 

+ (Df,i6g) + {D'f,i6'g) - (Df,l p Dg) + (Df,ir x Dg) + (D'f,l q D'g), 

where ir: G — > /\ 2 q is a Lie group 1-cocycle, and I : U —* /\ 2 q. It turns out that Jacobi's identity 
is equivalent to the following two conditions: 

• There exists an element ip G /\ 3 q such that for all £, rj, C G 0* the following identity holds: 

(£ © r/ <g> C, adi 3) v?) = O (f.w^C), 

and for all p G f7 and ^, 77, ^ G 0* the following identity holds: 

• for all p G J7, 2 G I, and £ G 0* the following identity holds: 

dp /(ad* p)£ + roj 2 ^ + ad i2 + Z p ad* 2 £ = 0. 

Such a groupoid G is called dynamical, and a map / satisfying the two previous conditions will be 
referred to clS ct classical dynamical l-matrix. 

It is shown in jllj that the previous conditions have solutions I: U — > /\ 2 g only if the quadruple 
(/ = (g, [ , ], zz7, y?) is a Lie quasi-bialgebra. From the form of the dual of the Lie algebroid, it is 
observed that a necessary condition for the groupoid G to have a dynamical dual is that the Lie 
algebra q admits a reductive decomposition g = [ © m. Under this assumption and additional 
natural (but restrictive) compatibility conditions between Q and the reductive decomposition, all 
formal solutions / of the above conditions are given, via an explicit and analytic representative, and 
the action of a (formal) gauge group. The duality for the groupoid G is also explicitely described. 

The goal of the present paper is to solve the problem when no compatibility condition between 
the reductive decomposition of q and the Lie quasi-bialgebra is assumed. In short Section ^ we 
recall some notations and set the problem. Section |^1 is divided into three subsections: first we 
show that every classical dynamical ^-matrix is gauge equivalent to one satisfying l p sp = 0, and 
that there is at most one formal classical dynamical ^-matrix satisfying this condition, which we 
call canonical. Second we find an explicit formula for the canonical ^-matrix, which shows that 
it is analytic (Theorem I2.11|) . Then, we define bidynamical objects and morphisms on both the 
Lie quasi-bialgebra level and groupoid level, and show that there is a functorial correspondance 
between these bidynamical objects. In Section |21 we give an explicit trivialization isomorphism 
which enables us to describe explicitly the Poisson groupoid dual to G. The duality for groupoids 
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induces a duality for the class of bidynamical Lie quasi-bialgebras, which is also described. We 
obtain the following characterization which was announced in ^JJ: a dynamical Poisson groupoid 
(with G U) is bidynamical if and only if q admits a reductive decomposition q = [©m. In Section^ 
we give a link between the two canonical dynamical ^-matrices associated to dynamical Poisson 
groupoids in duality, which shows that both ^-matrices have the same domain of analyticity. 

The problem will be adapted to the case where does not belong to U in a forthcoming publi- 
cation ITT 



Acknowledgement. The author would like to thank S. Parmentier for useful discussions and 
comments on this paper. 

1. Dynamical Poisson groupoids at 

Let i : i — > be an inclusion of the Lie algebra [ into the Lie algebra q. Let U be an Ad^-invariant, 
contractible open subset in [* containing and Q = (g, [ , ], vj, (p) a Lie quasi-bialgebra (see JJJ 
for information on Lie quasi-bialgebras where we use the same conventions and notations as in the 
present paper). 

By definition, a classical dynamical ^-matrix on U associated with Q is a map I: U — > /\ 2 which 
is a solution of the following two equations (we identify f\ q with the skew-symmetric maps from 
0* to ): 

O (<C, d p l(i*Ov) ~ (C, [IpS, lpV\) - (C, ^V)) =(Z®ri®C,v) (1-1) 

dp /(ad* p) + zu z + ad z l p + l p ad* = 0. (1-2) 

The set of classical dynamical ^-matrices on U associated with Q is denoted by Dynl(U, Q). Classical 
dynamical r-matrices are just classical dynamical ^-matrices with w = 0. Let B be the formal 
neighborhood of in [*. We also consider classical dynamical ^-matrices which are formal around 
€ [*, the set of which is denoted by Dyn/(B, Q). 

For all r € /\ 2 5, we denote by Q l the twist of the Lie quasi-bialgebra Q via t. The following 
result is proved in [TT] : 

Proposition 1.1. For all f £ /\ 2 g, 

Dyn/([/,^ t ) = Dynl(U,G) - t. 

This proposition allows us to be only concerned with classical dynamical ^-matrices which vanish 
at 0, which form a set denoted by Dynl (U, Q). 

If we want Dynl (U, Q) (or Dyn/ (B, Q)) to be non empty, then we must have: 

W[ = and ip = mod [ (1-3) 

(evaluate equations and (|1.2|) at 0). 

Classical dynamical ^-matrices are related to Poisson groupoids in the following way: Let G be 
a connected Lie group with Lie algebra 0. For any point x G G and any function / G C°°(G), we 
denote by D x f G 0* and D' x f G 0* the right and left derivatives at x: 

{D x f,u 



dt 



f(e tu x) (1.4) 



f(xe tu ) (1.5) 
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for all u G g. Let L be a connected Lie subgroup of G with Lie algebra [, and U an Ad^-invariant 
open subset in I* containing 0. We will denote the inclusion by i: I — ► g. Consider the trivial Lie 
groupoid G = U x G x U with multiplication: 

{P, x, q)(q, y, r) = (p, xy, r) (1.6) 

We say that a multiplicative Poisson bracket on G is dynamical if it is of the form: 

{f,g}(p,x,q) =(p, [8f,5g]i) - (q,[ s 'f, s '9]i) 
-(Dg,i5f)-(D'g,i5'f) 

+ {Df,idg) + (D'f,id'g) l '" 
- (Df, l p Dg) + (Df, n x Dg) + (D'f, l q D'g) 

where I: U — > /\ 2 g is a smooth map, and 7r: G — > /\ 2 g is a group 1-cocycle. In this equation, 
5f G [ and 5' f G [ denote the derivatives of / with respect to the first and second U factors, Df 
and D'f denote the right and left derivatives of / with respect to the G factor, and all derivatives 
are evaluated at (p, x, q). Denote by w = T\ tt : g — > /\ 2 g the Lie algebra 1-cocycle associated with 
7r. It can be shown (see jHj) that the bracket (|1.7jl is Poisson (i.e., satisfies Jacobi's identity) if and 
only if I G Dynl(U, Q) with Q = (g, [ , ], w, ip) for some (p G f\ q such that Q is a Lie quasi-bialgebra. 

There is a notion of duality for Poisson groupoids which extends that of Poisson-Lie groups 
(see |1()| I14| and also [HI f° r our more concrete case). It was already observed in (see 
also [Hj ) that the Lie algebra of the vertex group Gq is (isomorphic to) the lagrangian Lie subalgebra 
go = t © ' °f t ne double c) of the Lie quasi-bialgebra Q, which is a reductive decomposition over [ 
(we recall that a reductive decomposition over b of a Lie algebra a is a vector space decomposition 
a = b © c such that b is a Lie subalgebra of a and [b,c] C c). Thus, a necessary condition for the 
dual to be (a covering of) a dynamical Poisson groupoid, is that g admits a reductive decomposition 
g = [©m. In this case, it was shown in under additional natural but restrictive compatibility 
conditions on ip and w, that the dual of G is still (a covering of) a dynamical Poisson groupoid. 
This result is proved in this paper, without the additional compatibility assumptions on <p and w. 
It is shown in jSj, using a theorem of Mackenzie [0] that the vertex algebras g* defined as: 

g; = {i(z) + £ G © g* | T£ = adj p} C g © 5* (1-8) 

with the Lie bracket: 

[i{z] + e, i(z') + = (i([z, z']) + m i{z) t! + adi W ^' + i p ad* (a) ^ 

+ ^1 + ad z ; ? e' - ip ad^, £ (1.9) 

+ ro /p5 e' - - ro /p .c'} + {z® i' ® i, ip), 

- ad* ( ,) C' + e " (£, tJ7.C'> - ad^ i' + ad; e e) 

are all isomorphic when p ranges over U. Isomorphisms between the g*'s are not provided by 
Mackenzie's theorem, and are not canonical. In the present paper, we construct such an isomor- 
phism as part of the trivialization. It was observed in that the Lie algebra g* is a lagrangian 
Lie subalgebra in U p , the canonical double of the twisted Lie quasi-bialgebra Q lp . 
It is natural to consider the following definition: 

Definition 1.2. A dynamical Poisson groupoid G over U is said to be bidynamical if its dual is (a 
covering of) a dynamical Poisson groupoid. 
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Remark 1.3. It is shown in that if the Lie quasi-bialgebra Q is compatible with the reductive 
decomposition g = I m in the sense of Example 12.121 the associated dynamical Poisson groupoid 
is bidynamical. 

This paper is devoted to the study of bidynamical Poisson groupoids (at 0). Thus, from now 
on, we fix a reductive decomposition g = ( © m of a Lie algebra g, and a Lie quasi-bialgebra 
Q = (fl, [, ],w,ip) such that w\ = and (p = mod [. We also denote by p[ (resp. p m ) the 
projection on [ (resp. m) along m (resp. [), and by s: I* — > g* the adjoint of p[. Notice that s is 
[-equivariant and that its image is m -1- . 



2. Canonical dynamical ^-matrices 

For a vector space E and a formal map / : B — > E, we denote either by [f]k or f k its homogeneous 
term of degree k (the notation f k is not to be confused with the k-th power of /). 

For a dynamical ^-matrix I E Dynl(D,Q) and an [-equivariant map a € Map(0,G) 1 , we denote 
by l a the gauge transformation of the map I by a (see |llj): 

i; = M ap i p A&i p +e; + iT ap , (2.1) 

where Q a is defined as: 

a p = r a -i(J p a)i* Ad; p -(T p a)*r*^, (2-2) 
and where tt: G — > /\ 2 q is the Lie group cocycle integrating w. This action is a left action: 

(joy* = ja'o ^ 

2.1. Canonical dynamical £- matrices. The following proposition shows that there always exists 
some distinguished representative in each (formal) gauge orbit of dynamical ^-matrices. 

We denote by Map(0, G) the group of formal maps from B to G with pointwise multiplication, 

(2) 

by Map (B, G) the group of formal maps a such that o"o = 1 and by Map (B, G) the group of 
formal maps a such that <jq = 1 and To <r = 0. 

Proposition 2.1. For all I € Dynl (H),Q), there exists a gauge transformation associated with some 
a G /Wap[, 2) (B, C7) 1 suc/i i/iai Z£sp = 0. 

Proof. By induction: Let k > 1 and assume that [Z p ]<fc_isp = 0. Now, if S : B — > g is an [- 
equivariant homogeneous map of degree k+1, then setting a = e s yields [Z°"]fc = + d Si* — (d E)*, 
so that [lp]<ksp = [l p ]ksp + dp — (d p S)*(sp). Now, define S as: 

S P = -£^Pm[*p]fcSP - ^T^PtPplfcaP- (2-4) 
Notice that S is an [-equivariant homogeneous map of degree k + 1. We have 

dp E(a) = - ^^yPm + ^T^Pt) (ty*: 5 " + d P Wfe(") s P) 



thus 



A; + 1 

dpE(p) = -p m [/p] fc sp- -^-^{ l p\ksp 
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and 

(d p S)*sp = y^Pl[lp]kSp. 

Hence, d p T,(p) — (d p T,)*sp = — [l p ]ksp and [l p ]<ksp = 0. The proof follows by induction. □ 

We will make use of the following notations: for all ( G g*, we define: 

£p = Pa* ac W £,' p = Pg* ad sp £, = + £p • (2-5) 

The following proposition shows that such a representative is necessarily unique. 

Proposition 2.2. There exists at most one (formal) dynamical (.-matrix I satisfying l p sp = and 
Iq = 0. It is the unique (formal) solution I satisfying Iq = of the following differential equation: 

dp Kp)C = ad sp (/ p C + C) - feCp + Cp) - Pi^pC - Zpf«*C ( 2 - 6 ) 

/or a// C G g*. 

Proof. Assume that I : D — > /\ 2 g is a formal map satisfying Lsp = and the generalized Yang- 
Baxter equation 

For all £, rj € l -1- , we obtain from equation (11.11) : 

(77, dp l(p)£) = (sp, [l p £, l p T} + 77]) a + (£, [Z p r/, sp]) B + (77, ad sp £) a 

= -^p^p + ad sp Z p £ + ad sp £) . (2.7) 

If we define L: D — > as: 

^pC = Pg ad sp C + ad sp /pC - /pCp (2-8) 
for all C ^ 0*i then equation (|2.7|) reads: 

Pm[y^ = ^Pm[£p]fc£ (2.9) 

for all £ G l -1 and k > 1. 

For all £ £ l -1- and a £ [*, we obtain from equation 

(£, dp l(a)sp — dp l(p)sa) = (£,L p sa). (2.10) 

Since d p /(a)sp = —l p sa for all a £ [*, equation (|2.1()jl reads: 

Pm[Zp]fcsa = -^-^Pm[L p ] k sa (2.11) 
for all a £ I* and > 1. Similarly, one obtains: 

Pl[l P H = T^~[Pi[ L pU (2-12) 

pi[l p ] k sa = -j^-^Pii L p\ksa (2.13) 

for all £ £ [ , a £ I* and > 1. Thus, [Z p ]fc is uniquely determined by the [Z p ]j's, for j < k — 1. It 
is easily shown that Z satisfies equation (|2.6|) . □ 



In particular, one obtains the following corollary: 

(2) r 

Corollary 2.3. The reduced moduli space Dynl (B, Q)/ Map (B, G) consists of at most one point. 



BIDYNAMICAL POISSON GROUPOIDS 



7 



Proof. Let I and I' in Dynl (D, Q). Then, from Proposition 12.11 there are two maps a and a' in 
Map^iB, G) [ such that l°sp = (1%' sp = 0. Thus, l a and (l') a ' are two solutions of equation (J2HJ) 
which vanish at zero. From the uniqueness of such solutions, we must have l a = (l') a ' ■ □ 

Conversely, we show that a solution of (|2.6|) is a (formal) dynamical ^-matrix: 

Theorem 2.4. The (formal) solution I of (|2.fi|) with initial condition Iq = is the unique (formal) 
dynamical t-matrix satisfying l = and l p sp = 0. 

Before proving Theorem 12.41 we introduce some notations and state three lemmas: 

Lemma 2.5. The (formal) solution I of equation (j2.6[) such that Iq = takes its values in /\ 2 Q, 
and satisfies equation (|1.2|) . 

Proof. It is a direct consequence of the skew-symmetry of the map ad sp , and of the l-equivariance 
of the maps s and p[. □ 

Lemma 2.6. For all £ G g* , the element £ p + p[Z p £ lies in g*. 

Proo/. For all z G t, (£ p ,z) = (ad sp (/ p £ + £), z) ? = (ad sp Z p £, z) a = (ad sp p[/ p £, since w\ = 0. 
Thus, i*£ p = ad*^ and Lemma 12.61 is proved. □ 

We denote by CDYB the (generalized) classical dynamical Yang-Baxter operator: For any map 
/ G Map(D, A 2 0), CDYB(l) : D -> A 3 is given by 

(£ ® r? ® C, CDYB p (l)) = O {CtpWOv-ihSM + riDt, ( 2 - 14 ) 

(£,?7>C) 

for all £, 77, C G g*, where, as usual, ( , )g is the canonical bilinear form on the double of Q. Notice 
that equation is equivalent to CDYB(l) = 93. 

Lemma 2.7. For all £, 77, £ G g*, we /ictue 

d p (£(8)77(g)C,CDVe.(0)(p) = - O ^®(si*77 + ^,)®C,CDyS p (0-¥»). (2.15) 

Proof. For all £, r/, £ G g*, using equations ()2.6j) and Q1.2[) . as well as: 

O (&M,JpC]> = (2-16) 
O (e p ',[r?,C])=0 (2.17) 
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which are consequences of Jacobi's identity on D, one obtains: 

d P O (£,[MC + C])>)= O (f, [d„ ipC + C] + M, ^ i(?)C]) 9 
= O (£, [ad sp l p rj, l p ( + C] + [ad sp 77, l p (] - [l p rj p + r/p, l p ( + C] - [pt^, (] 



- WpV, l P C] - [lpSi*V, 1 pC + C] + [l P V> ad sp (/ p C + C) - GpCp + C P ) - Pi^pC - l P si*(]) 
'3 (£, ad sp [/ p r/, Z P C + C] + [ad sp ry, Z p C] - [IpVpi l pC + (} ~ [Vp, l P C + C] 

»7,C) 

+ dp l(i*rj p )( - [l p si*rj, l p ( + (] - [l p r], l p ( p + ( p ) - \l p r), l p si*(}) Q 

3 -(^jipC^Dj- (e,[^ P j P c+c]) a - (%,fec,e] + [c,£]) B 

»7,C) 

+ (£, dp l(i*rj p )( - [l p si*7], l p C + C]) - (C fe£, ^p + %) ~ fe£ ; ^ s ^]) 
O <£ ® ^?p ® C, CDVB P (/) - - (rfp, dp Z(i*C)e> " (C, dp 
(C, , Zpsi*r?]} - (£, [Ipai*^ ZpC + C])„- 



(2.18) 



Now, 



fe>0 



fc>l 



(£, foC) + \ [(^' ad ^(^C + - ^pCp - pi^pC - ^*C) ; 
fc>l 



thus, 



O (£, d p l(i*r})C) = , C ad si . r? (Z p C + C) + ad sp d p /(i*r?)C - d p l(i*rf)( p - l p p g * ad si * v l p ( 

l p p g * &d sp d p l(i*T])( - l p p g * adi* v (- p[d p /(i*7?)C - d p l(i*r])si*() 

E r [( s ^> feC, hi + + [C, e]) B - dp /(i^)C) - & dp i(fv)C P ) 

+ (C,[W, -<«*e, dp Z(^)C> - (Z,d P l(i*r])si*0 



k-l 



k-1 



and we obtain 



O d p (ti,d.l(i*r ] )0(p)= O -(ZApl(i*v)0 + (si%[lpC,lpZ + Z])*-{Vp,dpl(i*()Z) 



- (C, d p l(i*0Vp) + (C, [* P £, ^*r/]) a - (si* V , d p Z(i*C)C> 

-(C,d P K^)^) + (^[^C]) 

(£,?7>C) 

- (£, M*r/,/ p C + C]) - (^,dpZ(rC)0 - (C,dp/(i*e)^; 
Assembling equations (|2. 18|) and (|2.19|) proves Lemma 12,71 

We can now prove Theorem 12.41 



'PI- 



(2.19) 



□ 
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Proof of Theorem \2.4\ The map I is [-equivariant and takes its values in /\ 2 g, by Lemma 12.51 We 

show that I satisfies the generalized Yang-Baxter equation by induction: 

A computation shows that it is satined at order 0, i.e., CDYBq(1) = cp. Indeed, if £, 77, £ G l^, 

then O (£, d Q l(i*r))() = and 
(€,«7,f) 

o (C,N,ioC + C]) = o = (e®*?®^^) (2-20) 

(£>»?,C) 

since 99 = mod I. Thus, pi,, CDYBq{1) = PmV- Now, from Lemma [2*771 if a, j3, 7 G [*, we obtain: 

= (sa ®^r,, CDVe (/) - (2.21) 
= 2(sa® s/3®£, CDYB (l)-(p) (2.22) 
= 3(sa® s/3® 57, CDYB (l) -<p). (2.23) 

Thus, CDYB {1) = ip. 

So let A; > and assume that [CDYB p (l) — <p]<k = 0. From Lemma l2.7| since I satisfies equa- 
tion (|2.6|) . we have: 

(/c + l)[(e®r?®C,CDVe p (0)]fe+i = - O [(e®(ai*T7 + ?7p)®C ) CDVB p (0-¥')]fc +1 (2.24) 

(£,»?,C) 

for all £, 77, £ G g*. Now, since rjo = 0, equation (|2.24j) reads: 

(k + l)[(£®r)®(,CDYB p (l))] k+1 = - O [{ti®si*r ] ®(,CDYB p (l))} k+1 (2.25) 

for all f, 77, C G fl*. 

(1) Let £, 77, C G I 1 . Then equation (l2~25|l reads [(£ ® 7/ ® C, CDye p (/))] fc+ i = 0; 

(2) let ^, 7/ G ["*" and (em 1 . Then equation (|2~2l"|) reads: 

(fc + 1)[<£ ® 7? ® c, CDve p (z)}] fc+1 = -[(e ® t? ® c, CDre p (0)] fc+ i 

thus [(£ ® 7/ C, CDVe p (0)] fc+ i = 0; 

(3) let £ G and 77, £ G m 1 . Then equation (|2.25|) reads: 

(A + 1)[<£ ® v ® C, CDYe p (Z))] fc+1 = -2[<£ ® 7/ ® C, CDVS P (Z))] &+1 

thus [<£ ® 7/ <g> C, CDye p (/))] fc+1 = 0; 

(4) let £, 77, C G trr 1 . Then equation (f2~23|) reads: 

(* + 1)[<£ ® r? ® C, CDYB p (l))} k+1 = -3[(£ ® 7/ ® C, CDySp(0)] fc +i 

thus [(£ ® 7/ ® c, CDye p (/))] fc+1 = 0. 

Hence, the map I satisfies equation Q1.1JI . Thus I G Dynl(D, Q). We have already seen that it is the 
unique dynamical ^-matrix satisfying 1$ = and l p sp = 0. □ 

Definition 2.8. The (formal) ^-matrix defined in Theorem 12.41 is called the canonical dynamical 
(.-matrix associated with the Lie quasi-bialgebra Q and the reductive decomposition q = [ © m, and 
is denoted by / can (S> [ > m ) 5 Q r simply l can when no confusion is possible. 

Remark 2.9. Clearly, when the Lie quasi-bialgebra Q is canonically compatible with the reductive 
decomposition q = I m of q (see Example 12.121 or jllj). then the canonical ^-matrices of Defini- 
tion and of ["""Q coincide in view of uniqueness of dynamical ^-matrices satisfying l p sp = (see 
also Example I2.12JI . 
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2.2. Canonical dynamical ^-matrices are analytic. We now show that a canonical dynamical 
^-matrix is in fact analytic, and find an explicit formula. 
For any t 6 /\ 2 g we set 

T t ■ © g* — ► 5* 

x + £ ' — ► (x + t£ ) + £. 
We start with the following proposition: 

Proposition 2.10. Let I = Z«™(e,t,m) £ Dyn/ (D, Q). Then, for all X p G g* and for all a G f, one 

has: 



p m Ad e -, P T tp X p = 



Ad c -s P —1 
Pi i T i„ x ; 



ad 



-P[A P 



sp 



p m Ad e - sp Ti sot = -p, 



Ad P 



ad 



-sa 



Pi- 



A.dg— sp 1 



Ad. 



ad 



sp 



-n p sa 



-Pt- 



-1 + ad 



adgp 



SO!. 



(2.26) 
(2.27) 

(2.28) 

(2.29) 



We recall that X p belongs to 0* if and only if X p = z p + £ p G [ © g* and i*£ p = ad* p p. 

Proof. Since Iq = 0, equations (|2.26j) and (|2.27l) are clearly satisfied at order 0. Now, let X p G Q p . 
Then, X p can be uniquely written X p = z + ad sp z + £, where 2 G I and £ G t -1 " (notice that 
ad sp z = ad* G m 1 - for all z G I, p G [*, since tU[ = 0). 
Since Z satisfies equation (|2.6|) . one has: 

d p (Ad c - s . 7j.X.)(p) = Ad e - sp (- ad sp n p X p + ad sp T ip (X p - z) - n p (j£ p + (ad sp z) p ) 

- pilp(X p -z)-l p ad sp z + n p ad sp zj 

= ~ Ad c - sp T ip (g p + (ad sp z) p + pil p (£ + ad sp z)) . 

Now, the element £ p + (ad S pz) p + p[Zp(£ + ad sp z) lies in g*, by Lemma 1231 and is of degree > 1. 
Thus, if equation Q2.26[) is satisfied modulo terms of degree > k, then it will also be satisfied modulo 
terms of degree > k + 1. Equation (|2,2fi|) is thus proved. 
Since I satisfies equation (|2.6j) . one has: 



d. 



-1 



ad s . 



T i.X. )(p) = - Ad e - s P T lp X p 



Ad e — sp 1 



Ad r 



-1 



ad 



sp 



T 1 P X P 



ad 



-Tl p X p 



sp 

Ad, 



adsp n p X p - n p (£ p + (adsp z) ) - P{l p (X p 



e -sp 



ad 



- T ip (£p + (adsp z) p + pi(£ + adsp z) + X p ) . 



sp 



Thus, for k > 1 



Ad c -s P —1 
Pt — 



ad 



■\pilp(€ + ad S pz)]fc 



Ad 



Pr 



e -sp 



-1 



ad 



% (fp + (adsp 2) P + Pt(£ + adsp 2)) 



sp 
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Now, assume that equation (|2.27|) is satisfied modulo terms of degree > k (for some k > 1). Then, 

Ad P 



(fc + 1) 



pi — — n p x p 



ad 







and equation 1)2.27(1 is satisfied modulo terms of degree > A; + 1, and equation 1)2.27(1 is proved. 
Let a € I*. Similarly, one obtains: 



(k + 1) 



Ad e - Bp (lpSa + sa) 



.Adg— sp 1 



ad 



-sa 



sp 



[Ad e - 3P n p (sa p + pilpsaj] ■ 



Thus, by equation (|2.2fij) : 



p m I Ad c -s P (Ipsa + sa) + 



.Adg— sp 1 



ad 



-sa 



sp 



and equation (|2.28|) is proved. 

Let a € I*. Similarly, one obtains: 



(k + 2) 



-A.dg— sp 1 



n v sa + 



Ad, 



e -sp 



-1 + ad 



up 



ad S p 



sa 



[%sa\ k 



A.dg— sp 1 



ad 



Sp 



Thus, by equation (|2.27f) . 



Pi 



Ad, 



/• .1. Adg sp 1 ~t~ cid^p 



ad sp ad^ p 



•so 







□ 



and equation (|2.29|) is proved. 

The following theorem gives an explicit analytic formula for l can ; 

Theorem 2.11. The canonical i-matrix of Theorem \2.J\ is analytic around 0, and is explicitely 
given by: 

Pm^ = (Id m — R p Spi m ) Rp(Sp£ i — £) 
pilp£ = (Id[ - SpRpii)' 1 Sp(R p (, - £) 



(2.30) 
(2.31) 



p m lpsa = (Id m - RpS p i m ) 1 Rp\Sp + K p + 



Ad e sp —1 — ad. 



sp 



ad 



sp 



sa 



p^sa = — (Idj - SpRpii) 1 ( S p + K p + 5 p i? p - 



Ad e sp —1 — ad. 



ad 



.so 



/or all ^ 6 I 1 and a £ [*, where R and S are given by: 



K,, 



l.\ 1 Ad e - S p — 1 + ad s 



Ad c -sp . \ - >■ i, i <■<> ksi, 
Pi ; H Pr 



ad 



A'P 



ad 



sp 



Rp ~ (Pm Ad c - S p i m ) p m Ad, 

-l 



Pi 



Ad, 



e -sp 



■1 



ad 



-H 



sp 



Ad, 



Pi- 



e -sp 



ad 



(2.32) 
(2.33) 

(2.34) 
(2.35) 
(2.36) 



sp 



Proof. Let £ S [ C 0*. We get from equation 1)2.26(1 : p m / p £ = —R p (pil p £, + £), and from equa- 
tion 1)2.27)1 : p[Z p £ = — <5p(p m Z p ^ + £). Combining these two equations, and the fact that both 
(Id m — RpSpi m ) and (Id[ — S p Rpi\) are analytically invertible around yields equations ()2.3U)) 
and (l2~3TT) . 
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1-Ad 



Let a G I*. We get from equation (|2.28l) : p m l p sa = —R p ypil p sa + sa H ad cSp sa j , and from 

equation (|2.29l) : pil p sa = —K p sa — S p sa — S p p m l p sa. Combining these two equations yields 
equations (l2~32l and (12331 . □ 

Example 2.12 (^-matrices for a Lie quasi-bialgebra canonically compatible with a reductive decom- 
position). We say (see that the Lie quasi-bialgebra Q = (0, [ , ], zu, ip) is canonically compatible 
with the reductive decomposition q = I © m if the following conditions hold: 

m { = (2.37) 

(m^ro.m- 1 ) = (2.38) 

ip e Alt([<g> I® t © l®m®m). (2.39) 

In this case, the expression S p of equation (|2.36|) vanishes, and the expression R p of equation (|2.35f) 
reads as: 

R P = Pm (p Ad e - sp i B ) - i Ad e - sp . (2.40) 
Thus, / can has the simpler expression of |llj : 

l p an sa = ( cotanhad S p -— 3— ) sa, a G f ( 2 -41) 
V ad sp / 

^ = - (p fl Ad c - sp i,)- 1 i g Ad e - sp £, £ G K (2.42) 

Morever, if = 0, then equation (|2.42|) reads as: 

Z™«£ = tanhad sp £- (2.43) 

This example can be specified to the Etingof-Varchenko case (see Example 13.9(1 . 

Example 2.13 (Alekseev-Meinrenken r-matrices |2]). Alekseev-Meinrenken r-matrices are obtained 
when [ = q, for a cocommutative Lie quasi-bialgebra Q = (g, [, ],0, </?). In this case (as m = {0}), 
the only line of interest in Theorem 12. Ill is equation (|2.33|) . which reads as 

l p a = (S p + K p )a, (2.44) 

for a G 0*. Also, since 

adpflCfl*, ad p g*Cfl, (2.45) 

the maps K and S read as: 

S v a = ( — — cotanhad„ ) a, K„a = ( — ) a, (2.46) 

\shadp J \ad p shad p / 

for all a € 0*, thus we obtain: 

F an a = r£ M a = ( cotanh ad p ]- J a, (2.47) 



for all a G 0*. The Alekseev-Meinrenken r-matrix associated with a cocommutative Lie quasi- 
bialgebra was already constructed in [I]. 

Example 2.14 (r-matrices for the non-compatible case). In this example, we assume that w = 
and that <p G Alt(l <g) I <g> m). We set: 

1 1 

^x = -(ch x ± cos x), s ± x = -(shx ± sinx), (2.48) 
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(notice that and are respectively the parts of order 0, 2, 1 and 3 modulo 4 of the exponential 
map). 
One has: 



ad sp [Cm, 
ad sp met -1 , 



ad sp m Cm, 
ad sp t C I 



(2.49) 
(2.50) 



Thus, for all k G N such that k ^ mod 4 one has p[ &d* v i \ = and p m ad^ p i m = 0, thus the map 



K of Theorem 12 . 1 1 1 reads as: 



Kpsa 



&d S p s + ad S p 



(2.51) 



for all aGl*, and the maps R and S are represented by the following block-matrices (relatively to 
the vector space decomposition = 1® m 1 - © m © in this order): 



R„ 



( 


c — ad s 








\ 





c+ ad s 



V o 



c+ ad sp c+ adsp 

/ 



/-I 


c+ adsp 
s+ adsp 


s adsp 
s+ adsp 


c adsp 
s+ adsp 


\ 






























Vo 











/ 



and for a El*, R p Ad ° 3P ad 1 ad " p sa reads as: 



Rn 



Ad, 



e sp 



-1 - ad 



sp 



ad 



sa 



ad S pS + (ad S p) — c (ad S p) 



up 



ad sp c+(ad 



sa. 



sp ) 



Also, the mappings (Id m — R p S p i m ) and (Id[ — S p R p i{) read as: 

c~*~ ad^p s^ adsjp ©c ad^p s ad^p 



Id m RpS p i m 



Id[ — SpRpi\ 



c+ ad sp s+ ad S p 
c~*~ ad^p adsp ©c ad^p s ad. 



L 6'p 



sp 



+sp 



c+ ad sp s+ ad sp 



We set 



F(z) 
G(z) 
H(z) 



ch(z) cos(z) — 1 



ch(z) sin(z) + cos(z) sh(z) 



sh(z) sin(z) 



ch(z) sin(z) + cos(z) sh(z) 



A;>0 

E G * 

fc>0 



Ak+3 



4fc+l 



COS 



i(z) yz ch(z) — sh(z)) — sin(z) ch.(z) + z 



z{cos(z) sh(z) + ch(z) sin(z)) 

After computation and simplification, one obtains: 

PmC"£ = ^(ad S p)e, 
V{ l can i = G(ad S p)£, 
p m l can sa = G(ad sp )sa, 
P[/ can sa = H(ad sp )sa, 



^H k z 



4k+3 



k>0 



(2.52) 



(2.53) 

(2.54) 
(2.55) 

(2.56) 
(2.57) 
(2.58) 



(2.59) 
(2.60) 
(2.61) 
(2.62) 



for all f e l x , a G I*. 
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Equation ()2.6|) for l can is equivalent to the following differential system: 

zF'(z) = -z(F{z) 2 + G{z) 2 ) 

zG'(z) = z- zG(z) (H(z) + F(z)) - G(z) (2.63) 
zH\z) = -zG{zf - zH{z) 2 - 2H{z). 
2.3. Functoriality. 

Definition 2.15. A bidynamical Lie quasi-bialgebra ( over I) is a Lie quasi-bialgebra Q = (fl, [ , ],w,tp) 
such that U7( = 0, <p = mod [ and such that there exists a reductive decomposition g = I © m. 

A morphism <p between two bidynamical Lie quasi-bialgebras over [, Q = (g = [ © m, [ , ], w, ip) 
and Q' = (g' = t © m', [ , ]', tz/, iff), is a Lie algebra morphism (p: g — > g' such that </>(z) = z for all 
z£[, 0(tn) C m' and 

<pw x (p* = m'^y Vx € g, (2.64) 
(/> (3 V = y/. (2.65) 

Proposition 2.16. Let Q = (g = [ © m, [ , ] , m, ip) and Q' = (g' = I © m, [ , ]', m' , p') be two 

bidynamical Lie quasi-bialgebras, and let ip : Q — > Q' be a bidynamical Lie quasi-bialgebra morphism. 
Then the following equality holds 

^jcaniQ, l,m)^* = r an(5',t,m')_ ( 2 .66) 

In particular, the Lie groupoid morphism 

V:G = UxGxU — > & = U x G' x U 
(p,x,q) i — * (p,ip(x),q) 

is a Poisson groupoid morphism, when G and G' are equipped with the Poisson bracket induced by 
£can(<5,l,m) an( j. ican(g ,[,m) reS p ec tively, where ip: G — > G' is the Lie group morphism integrating the 
Lie algebra morphism ip. 

Proof. We set X p = ^an(g,[,m)^ Theil; it 

is easy to check, from equation (|2.6j) . that A satisfies 

the same equation as l can (S' A,m') ^ name jy : 

dp A(p) = r_ Ap ad' s ,p r Xp - p[X p - X p s'i'*, 

thus ^/can(g,I,m)^* = ^an^' , l,m') _ Q 

3. Trivialization and duality 

From now on, we denote by U the domain of analyticity of the canonical ^-matrix l can . Notice 
that U is I-equivariant, but not simply-connected in general. 

3.1. Trivial Lie algebroids. Let (g, [ , ] ) be a Lie algebra and M a manifold. Recall (see |Hj) that 
the trivial Lie algebroid on M with vertex algebra g is the vector bundle i = TM$ (M x g) = 
TM x g over M (Whitney sum), where the anchor is the projection on TM, and the bracket 
is defined as follows: let a and a 1 be two sections of the vector bundle A, say a = (X, x) and 
a' = (X',x') where X and X' are two vector fields on M and x, x' : M — > g, and set 

[a, a'U = [X, X'] © (X ■ x' - X' ■ x + [x, x'] g ) (3.1) 

The bracket in the first component of the right hand side of equation ()3.1|) is the bracket of vector 
fields on M, and X ■ x' denotes the derivative of x' in the direction of X. 
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The Lie algebroid of the trivial groupoid G = U xGxt7is the trivial Lie algebroid over U : 
A(G) = U x ([* ® g), with the following bracket on its sections: 

[a, a'] p = (d p a'(atp) - d p a(a' p ), d p x'(a p ) - d p x(a' p ) + [x p , x' p ] g ) , (3.2) 

for p G U and a p = a p + x p , o' p = a' p + x' p G t* © 0, and the anchor is: 

a A ^a = a. (3.3) 

3.2. Trivialization. We recall (see jH]) that the Lie algebroid of the dual of the Poisson groupoid 
G is the vector bundle N(U) = U x [x g* over U, together with the following bracket on its sections: 

[(z,0,(z',O)p iU) =(dpz'(a^ u \zp,Zp))-dpz(a^ u \z'p,t'p)) - [z p , z' p ] + <£, d p Z(.)0, 

dpi'{a^ u \zp^p)) -dpi{a^ u \z'p,i'p)) +ad* p C;-ad*,^ (3.4) 
+ (£ P , ™»Q + ad;* pfp i' p - ad^, f p ) 

and the anchor: 

a^ u \z,0 = i^-^d* zP . (3.5) 
We want a trivialization of the Lie algebroid N(U) , that is a Lie algebroid isomorphism T : A(G*) - 
N(U), where G* = U x Gq x J7 is the trivial groupoid over J7, with vertex group Gq such that 
L/e(Gp) = 0q- Such an isomorphism can be split into two parts (see [5]), a Lie algebra bun- 
dle isomorphism ip: U x Qq — > Kera N ( U ' and a flat connection V: U x I* — > N(U) such that 
[V(a),^] 7V(C/) = ^(dJ(a)) for any smooth section a G r(C7 x [*) and X G r(C7 x gg) — we recall 
that by definition, V is a flat connection if [Va, V/?] = for all a, /3 G r(?7 x [). Then, setting 
T(a + X) = Va + ipX for a € [*, I £ gj provides a trivialization T. 

We denote by U the domain of analycity of l can (which is Ad^-equivariant since l can is [- 
equivariant and L is connected). As a corollary of Theorem 12 . 1 1 1 we have the following: 

Corollary 3.1. Let I = l™ n (S,l,m) e Dynl (U,Q). Then, for all X p G g*, the expression 

Ad e - S ;p Ti p X p (3.6) 

/ies in gj. In particular, the map 

<P P - Bp — ► flS 

Xp i — ► Ad e - sp Ti p X p 

is a Lie algebra isomorphism, and its inverse is given by 

(Pp 1 - Qo — ► Bp 



Proof. By equation (|2.26|) . we know that the expression (|3.6() lies in [ $ g* C 0. Also, since 
p m x &d sp = ad sp p[, applying ad sp to both sides of equation Q2.27JI yields: 

p m ± Ad c - sp n p X p — p m ±X p = — ad sp p[Xp. 

Thus, since p m il p = — ad sp p[, the expression p m ± Ad e - sp T~i p X p vanishes, and expression (|3.6|) lies 
in [ © [ = gg. Clearly, the map <p p is a Lie algebra isomorphism. A simple computation using 

the relations of Proposition 12.101 shows that (p r~^^ + Pg* Ad e «p^ Ad c - sp Ti p (z + ad sp z + £) = 

z + ad sp z + £ for all z G [ and £ G I -1 . □ 
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(3.7) 



Corollary 13. II implies that the bundle map 

ip-.Uxg* — ► Kera N M C U X (t00*) 

(p,x) — (p,-^- 1 ^) 

is a Lie algebra bundle isomorphism. So, in order to complete the trivialization, we need a flat 
connection V: U x I* — > N(U), satisfying [V(a), i/^X"]^^ = ^(d-X^a)) for any smooth section 
a £ T(U x [*) and X£T([/x B *). 
For all a G [*, we set 

Vp(a) = (upO, sa + a.d sp u p a + t>po), 
where u p : t* — ► I and v p : f — > [ are given by: 

Ad e s P — 1 Ad e s P — 1 — ad., 



(3i 



u p o = p[T_/ 



v p o = P[± - 



P a d S p 
Ad e s P — 1 



-SQ = p[- 



'sp 



&d 2 sp 



.so 



(3.9) 



ad 



-so 



sp 



for all a € I*. We show in Proposition 13.31 below that V is a flat connection. 
We introduce the following notations: 

— Ad c sp —1 

Oip = p ; SO 



a 



p — p fl » 



ad sp 
Ad e s P —1 



ad 



-sa 



up 



for a £ [*. Then, V is given by: 



V p o = I u p o, o p 



(3.10) 
(3.11) 

(3.12) 



for all a € I*. The following lemma, the proof of which is straightforward, will help in our compu- 
tations: 



Lemma 3.2. For all a € P, 



u p a = a p — l p a p 



Ad e sp —1 
P * T - l *—^— Sa - 



(3.13) 
(3.14) 



'■Sp 



Proposition 3.3. The map V is a flat connection. 



Proof. To show that V is a flat connection, we have to show the two following equalities for all 
a, P € I* seen as constant sections: 



dp u{a)(3 — dp u((3)a — [u p a, u p f3] + (a p , d p l{-)f3 p ) = 



(3.15) 



dp 0,(a) - dp a,{(3) - p fl * [u p a, f3 p ] - p fl * [a p , u p (3] - p fl » [a p , p ] 

- Pg* [l P a p , P p ] - Pg* [a p , IpPp] = 0. (3.16) 



The left hand side of (|3.16|) vanishes, since d p (3 m (a) — d p a,{(3) 
Lemma 13.21 

Equation (|3.15j) vanishes too, by (jl.lj) and (|1.2j) . 



Op Op, (3 p + Pp 



, and by 
□ 
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The trivialization is given in the following theorem: 

Theorem 3.4. Let I be a canonical dynamical It-matrix. Then, the bundle map: 

T:Uxl*xg* — ► N(U) = U x I x g* (3.17) 

given by 

T p (a, z + f) = (u p a - p[T_i p Ad e s P (z + £),a p - p * Ad e s P (z + £)J (3.18) 
is a iie algebroid isomorphism. 

Proof. It only remains to show that [\7(a),^X] N ^ = 0, for all a E [*, and all X E g£j seen as 
constant sections. 

First, notice that ij) p z = — V p ad*p — (2,0) for all z G I. Thus, [Va,ipz] p = — V p [a,ad* -] p 



[Va,(z,0)]^ U) =i; p {d p z(a)). 



Now, if £ E I -1 - (seen as a constant section), the first component of [Va, ip£] p is: 



P[dp/(a) Ad eS p £ - pir_ ip 



Ad e «P-l ' 

sa, Ad e sp £ 

ad S p 



+ [u p a, piT-i p Ad c s P £] - (a p , d p Z(-)p fl Ad e *p £) 



"Pi d P ^( ad « pa Ad e^ £ + Pi dp * (ad* |T _ (p AdcSp c p) a p 



T-z p sa, T-i v Ad e .p 4 

3,0- S p J gi. 



+ K«, PgT-« p Ad eSP f ] 



- Pi 
= 

and the second component vanishes too. □ 
The trivialization may also be written: 

T p (a, z + £) = r_ ip ^^sa - r_ ip Ad cSP (z + £) (3.19) 
adsp 

where a G [*, z € [ and £ G t , and also in a way where I does not appear: 
mi ^\ Ad e s P — 1 — ad s „ Ad c s P — 1 Ad c s P — 1 

T p (a,z + £) = p t -2 ^sa + p * sa-pi {z + O -p * Ad e s P (z + £). (3.20) 

ad sp ad sp ad sp 

To show this last equality, compute the adjoint T* of T p , and use Proposition I2.1UI 

3.3. Duality. For a Manin quasi-triple (f ,0, h) we denote by (7(o, 01 f)) the corresponding Lie quasi- 
bialgebra; for a Lie quasi-bialgebra Q = (g,[, ],m,<p), we set £/~ = (g, [ , ], — w, ip). 

We start with the definition of a duality for bidynamical Lie quasi-bialgebras, which was intro- 
duced in [TT] . 

Definition 3.5. Let Q = (g = t®m, [ , ip) be a bidynamical Lie quasi-bialgebra with canonical 
double t). The Lie quasi-bialgebra 



is called the dual over I of the bidynamical Lie quasi-bialgebra Q. 

Observe that g* = [ © I 1 - is indeed a lagrangian subalgebra of t), so that the dual over [ is well- 
defined. Also observe that the dual of a bidynamical Lie quasi-bialgebra is again a bidynamical Lie 
quasi-bialgebra. 
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Let op: g — > g be the standard involution associated with the reductive decomposition g = l©m: 

op(z) = z op(u) = —u (3-21) 

for all z E I and u € m. We define the Lie bracket [ , ] op on the vector space g as follows: 

[z, z'] op = [z, z'\ [z, u] op = - [z, u) [u, u'] op = [u, v!) (3.22) 

for all z, z' G I, u, u' € m, and we denote by g op the resulting Lie algebra. We also set G op = 
(g°P, [, ]°P,ro°P,v7°P) where 

w°? = op ro p(a;) °P* <P op = (°P ® °P ® op) f (3.23) 

We denote by fl* the canonical double of Q*. First, observe that under the canonical vector 
space identification t>* ~ c), the Lie algebra g is not a Lie subalgebra of 0* (but the Lie algebra g 
is isomorphic to the Lie subalgebra g op = I © m of U*). Second, observe that under the canonical 
identification d* ~ i), then (C7*)* ^ ^, but rather (G*)* = G op , which is isomorphic to G- 

We now turn to our main duality statement which provides the dual Poisson groupoid of a 
Poisson groupoid associated with a canonical ^-matrix: 

Theorem 3.6. The dual Poisson groupoid of the dynamical Poisson groupoid associated with a 
canonical l-matrix l can (G> l < m ) i s isomorphic to (a covering of) the dynamical Poisson groupoid U x 
G* x U with the Poisson structure associated with the canonical (-matrix on U l can (S*>^ ) } where 
G* is the connected, simply connected Lie group with Lie algebra g*. 

Proof. We compute -T* : [/ x [* x j ^ [/ x [ x (g£)* from equation (j3.20|) . 



, Ad c s P -1 + ad sp Ad e , P -l 

T(a,x)=\ -pi -2 -sa + pi x, 

\ &d s ad sp 



for a € [* and x € g. 

Now let T* be the algebroid isomorphism 

T*: U x [* x g op — ► C7 x [ x (g£)* 

given by Theorem 13.41 associated with the datum Q* . An easy computation shows that T* o op = 
— T* , i.e., that — T* is indeed a Lie algebroid isomorphism, where op: U x[*xg— > U x I* x g op is 
the Lie algebroid isomorphism given by op p (a, x) = (a, op(x)) for all p S U, a € [* and x S g. □ 

In this part, we also showed the following: 

Theorem 3.7. A dynamical Poisson groupoid on U C I* uni/i E U is bidynamical if and only if 
there is a reductive decomposition g = [ © m of the Lie algebra g of the vertex group. 

Proof. It is shown in jllj that it is a necessary condition. Theorem 13.61 shows that it is indeed a 
sufficient condition. □ 

Example 3.8 (Dual of the Alekseev-Meinrenken r-matrix). Let G = (fl, [ , ], 0, if) be a cocommutative 
Lie quasi-bialgebra. Clearly, the dual over g of G is G itself, so that r AM is self-dual. 



ta(p) 
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Example 3.9 (Dual ^-matrix of the Etingof-Varchenko r-matrices) . Let be a semi-simple Lie 
algebra, [ a Cartan subalgebra of g, A the set of roots, and Q = (g, [ , ], 0, ip) the Lie cocommutative 
quasi-bialgebra with ip given by (£ ® r\ ® (, ip) = (£, [77, £]) (where we have identified g ~ g* via the 
Killing form). We recall (see &.) the form of r-matrices in this case: let A s C A be a choice of 
simple roots. We denote by A ± the set of positive/negative roots in A. Let T C A s , and denote 
by (r) the set of roots spanned by V, and set T = A \ (r). Let /j, € f)*. For all root a € A and 
p G t)* we define 

{cotanh((a,p + //)(,*) if a € (r), 
±1 if a e f ± 

(// is assumed to be chosen such that t a is defined for p = 0). The Etingof-Varchenko dynamical 
r-matrix associated with T is given as follows: 

r EV e a = t a (p)e- a , r EV a = 0, a G A. (3.25) 

We set r = r EV € /\ 2 g, and t a = t Q (0). Using Proposition ll.il we see that r EV — t is a dynamical 
matrix for the Lie quasi-bialgebra Q t = (g,[, ], t, if 1 ). The dual over [ of Q l is Q* = (g*, [ , ] g *,w*, ip*) 
with 

= -t a (a,f3)e a , (a® /3® l,v?*} = 0, 

ro* a e 7 = -iV 7]Q _ 7 e Q ~ 7 , (a ® ep ® 1, c^*) = (a,/3)e _/3 , 

ro* a e a = (e a ®e,3 1, y?*) = 5 a ~ph a , 

for a, /3, 7 S A, a 7^ 7. We compute ad* p and its powers: 

ad* p 2fe e Q = (p, a) 2k e a , ad* sp 2k e a = (p, a) 2fc e", 

ad: p 2fc+1 e Q = (p, a ) 2fc+1 (-t a e a + e- Q ), 

ad* p 2 *+V = (p,a) 2fc+1 ((t 2 - l)e« + t a e a ), 
and we obtain the form of the canonical ^-matrix associated with Q*: 

p a cotanh((a,p)f,») — t a ' ^ 
a = 0. (3.27) 



p 



We end this example with the following remark: the r-matrix r EV is linked to the function x 1— » 
cotanh(x — a) which satisfies the following differential equation: 

f(x) - f(x) 2 = 1, 

and the ^-matrix £ EV is related to the function x — — — which satisfies the following 

cotanh(x) — a 

differential equation: 

f'(x) + (a 2 -l)f(x) 2 + 2af(x) = -l. 

Example 3.10 (Dual of the non-compatible r-matrix of Example l2.14j) . Let Q = (q = [©m, [ , ], 0, <p) 
be the bidynamical Lie quasi-bialgebra of Example 12.141 (with ip £ Alt([ ® I ® m)). The dual over ( 
of the Q is Q* = (g*, [ , ]*, w*, ip*) where the Lie bracket [ , ]* on g* is given by: 

[z, zT = [z, z%, [z, 3* = - ad: a, = o, (3.28) 
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for all z, z' G t, £, £' G I , the cobracket ro* is given by: 

ro* +? (sa + u) = -(£(g)sa<g)l,ip) -p[xad*£, (3.29) 

for all z G I, a G [*, n G VCl and £ G I , and tp* is given by: 

((sa + u) ® (s/3 + u) ® 1, <£*) = Pi[«, w] B + ad* sa — ad* s/3, (3.30) 

for all a, (3 G I* and u, v G m. We set 6 = [ C g* and u = l x C g*, so that g* = t © u. We denote 
by ad* the adjoint action of the double 0* of the Lie quasi-bialgebra Q*. One has: 

ad^Ecu^f , ad* p u x c! 1 C fl**, (3.31) 

ad* p ^CuC 0*, ad* p uctcg*. (3.32) 

We define the following functions: 

\ 2 sin(z) sh(z) «. „. Jt 

^ (*) = w x ■ ? V — ,\ . ? r = > F*2 4fe+ 1 , 3.33 
ch(z) sin(z) + cos(z) sh(z) 

r*r r \-. (-cos(z) sh(z) +sin(z)ch(z)) 2 _ ^ 4fc+2 

G (Z) " " 2 ch(2z)cos(2z)-l " ^ G » Z ' (3 - 34) 

His , = 2z cos(z) ch(z) - sin(z) ch(z) - cos(z) sh(z) = ^ k+3 ^ 
z(cos(z) sh(z) + sm(z) ch(z)) ^ n 

A computation shows that l can (G*) reads as: 

pj^^u = F*(ad* p K (3.36) 

p t l™ n{S * ] u = G*(ad* p )u, (3.37) 

V u lp nm sa = -G*(&d* p )sa, (3.38) 

p t l™< G *ha = ff*(ad* p )sa, (3.39) 

where u G 6 X , a G t*. Equation (|2.6j) for l can (G*) is equivalent to the following the differential 
system: 

' zF*\z) = z(l + G*(z) 2 ), 

< zG*'(z) = zF*(z) - zG*(z)H*(z) - G*(z), (3.40) 
k zH*'(z) = -2zG*(z) - zH*(zf - 2H*{z). 

4. Link between i can (G^ m ) and i«»»(0*.M x ) 

Let Q = (g, [ , ], zu, cp) be a Lie quasi-bialgebra. It is well-known (see e.g. pQ) that the canonical 
double d of Q carries a Lie quasi-bialgebra structure: 

g( 2 ) = (i),[,] a ,dr,j( 3 V) (4.1) 

where j : g — > D is the canonical inclusion, and dr is the coboundary of the "r-matrix" r = ^(p g * — 

p )eA 2 f: 

d x r = adxr + rad*^, X G 0. (4.2) 

It is also well-known that twisting via — r yields the cocommutative Lie quasi-bialgebra 
(g( 2 )\ r = (d,[, ], 0, where O a G S 2 f> is the symmetric 2-tensor associated with the 
canonical bilinear form on t). 
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Now, if Q is a canonical dynamical Lie quasi-bialgebra, then so is with reductive decompo- 
sition d = I © (m © 0*) over [, and j is thus a canonical dynamical Lie quasi-bialgebra morphism. 
Thus, it follows from Proposition 12.161 that 

jj^can(G,l,m)j* _ ^can(5( 2 ),[,m©0*) g) 

We denote by K the Lie algebra isomorphism from the double t) of Q to the double d* of the dual 
G* given by K = p [ffi[ ± — P m i© m when the vector spaces d and D* are canonically identified. Let r* = 
|(Pg** — Pg*) be the r-matrix associated to the Manin triple (f*,fl*,f|**). Clearly, f2° = (i*T(g)i<Qf2 a , 
and K: (G^) r — > (G*^) r is thus a canonical dynamical Lie quasi-algebra morphism. Hence, 
using Proposition ll.il we have: 

K ffican(g*, 1,1^)^* + r *\ K * e Dynl fa (g( 2 )y r \ (4.4) 



and thus 

Kj*l am &*> l > iL )f*K* + KT*K* + Te Dynl(U,g {2) ). (4.5) 
A simple computation shows that 

Kr*K* + r = Vi -p m ±. (4.6) 

Thus, the transformation of the ^-matrix of equation ()4.5() by the element ?: p i— > e sp of MapQ(U, D) [ 
(where D is the connected, simply-connected Lie group with Lie algebra 0), satisfies: 

as well as 

Thus, from the uniqueness result of Proposition 12.21 we must have: 

K j* l can(g*,l,l ± ) j ** K * = facaniQ^fY _ p[ + Pm± _ (49) 
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